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Abstract— In this paper, we consider the problem of observer-
based controller design for nonlinear systems which can be
represented by Takagi-Sugeno (T-S) fuzzy systems. Two practical
restrictions have been considered to cover a more general
problem. First, we suppose that the premise variables of the T-S
model are unmeasurable, which permits one to utilize the
proposed method in more practical systems. Second, actuator
saturation is considered as a physical limitation and the controller
isdesigned subject to thisrestriction. Sufficient conditions for the
existence of such a controller arederived in terms of linear matrix
inequalities (LM1s). The effectiveness of developed technique is
shown through a numerical example.

Keywords-T-S fuzzy system, observer-based controilgout
saturation, unknown premise variable, PDC controlldinear matrix
inequality (LMI).

. INTRODUCTION

In the last decades, nonlinear control systemschaserl-S
fuzzy models have attracted lots of attention@]1Nowadays,
T-S fuzzy model has an important role in contrajieaering,
neural networks, signal processing, artificial liigence,
robotics, data processing. In such models, themean systems
are represented by nonlinear weighted summatiommber of
linear time-invariant models, and then this model be used in
analysis, stability and the design of controllers.

Usually, controller design in a T-S fuzzy systerbased on
PDC scheme which is a nonlinear controller congididoy
nonlinear weighted summation of number of lineainga
Moreover, common quadratic Lyapunov function haanbgsed
to investigate the stability of many T-S fuzzy syss.

A usual limitation in many practical applicatiossthat only
the nonlinear T-S fuzzy system outputs are avalator
controller design and directly measuring all thstesn states is
difficult or expensive. In these systems, outpwdfeack T-S
fuzzy controller were considered. Static and dymaoutput
feedback were studied in [3, 4, 5] and the fuzzseober-based
control feedback has been investigated in [6]. Thezy
observers are designed to estimate the systens sdate the
estimated states are employed for state-feedbagltput
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feedback control of nonlinear systems.

The premise variables of the fuzzy observer may be

considered to depend on the observer state vasidiities

denoted as case B in [7]). Although, the desigraattroller in

this case is more applicable practically, its degigocedure is
much more complex than the one in the case thahipee
variables are measurable (case A), since the d&papsinciple

is not applicable in case B.

In [8] and [9], the design of observer-based cdietrdor a
class of continuous-time nonlinear systems predebjeT-S
model with unmeasurable premise variable were densd. In
[10], to overcome the hardness of measuring prewsisable of
a T-S fuzzy system, a fault detection and predicticheme were
designed for a class of fuzzy systems with unmeddeipremise
variables and external disturbances.

Another limitation in the practical applications the
existence of saturation. Saturation is a nonlitean in many
dynamical systems which can exist in different paftcontrol
system such as actuators, sensors and contrdlecawuse of
physical limitation of the devices, actuators sation is very
destructive in practical control systems. Ignorgaduration can
lead to performance degradation and even instalbilitlosed-
loop systems. Considering the actuator saturationthie
controller design for a nonlinear T-S fuzzy systhas been
investigated in the literature [11, 12, 13]. Fostance; in [13],
the problem of the fuzzy model-based control ofosarhead
crane with the input delay and actuator saturaties been
investigated. In [14], a method for T-S fuzzy modéh input
saturation for state feedback controller designaptiinizing H.
performance bound has been proposed.

In some approaches, observer-based T-S fuzzy desilgn
actuator saturation have been investigated. In fag]t tolerant
saturated control problem for discrete-time T-Szfusystems
with delay is studied. Sufficient conditions oflsteation based
on a fuzzy observer are presented. The obsertkersused in
fault detection, fault localization and controltecconfiguration
to maintain asymptotic stability of the system[16], the fault
tolerant control scheme was proposed for near spebieles



(NSVs) with system uncertainty, unknown externatutbance,
actuator faults and input saturation based on lilsng mode
control. Considering input saturation, a compermsatem was
constructed in the control law. The stability oé ttlosed-loop
system was proved and all closed-loop signals wai@®rmly

ultimately bounded via Lyapunov analysis. To theths our
knowledge, observer-based controller design for namin

premise variables T-S fuzzy systems with input rediton has
not been considered yet in the literature.

In this paper, we propose a hew method for obsdrased
controller design for T-S fuzzy system with inpatwgation and
unknown premise variables. To consider the inptiiradon
constraint, we extend the proposed method in [D4lthie
observer-based control of unknown premise variabl8suzzy
systems which was given in [17]. The design coadgiwill be
converted to LMIs using Finsler’s lemma. It will Beown that
the proposed observer-based controller stabilizessaturated
T-S fuzzy system in a pre-defined region of theeaysstates. A
simulation example will be given to verify the effweness of
the proposed method.

The paper is organized as follows: In Section 5 Tuzzy
model and observer-based fuzzy controller are ddfirand
some preliminaries are presented. In Section Hlphserver-
based controller is designed for a T-S fuzzy systétin input
saturation and the stability of the closed loogesysis proven.
Simulation results are presented in Section IValiymin section
V some concluding remarks are given.

Notation: In this paper,4, equals tOA]_-A], , H(A) stands
for (A +A4") and the following notations will be used:

A= Ezllhi A

1)

A, =L 3 (h, (A, @

A Hit u a*t (3)

Il.  PRELIMINARIES

A. T-SFuzzy model

The T-S fuzzy model that was suggested by Takage&a,
represented by if-then rules that describe the tioptput
relation of system. In general, the T-S fuzzy sysie described
as follow:

X(t)=AX()+B,u(t)

4
y(t) =C,x(t) @

where x(t) O R", u@t) OR™ » and y(t) O RPis the state
vector, control input, and output vector, respeiiyivAij is the

fuzzy set, r is the number of model rules and- u, are known

premise variables that can be functions of stateabigs
HE 1, 4] and:

h, (1) =w, (/1)/ ZW W), ©)
with:
W, (W=[IM, () ©

B. Observer model with saturated input

The observer design is a very important problermointrol
systems. Since in many practical nonlinear costystems, state
variables are often unavailable, output feedbaclkhmerver-
based control is necessary and has absorbed amattexdt
researchers, [18, 19].

In this paper the fuzzy state observer for T-S yuzmodel
with saturated input is formulated as follows:

X (t)=A,X (t)+B,,a(t)+L,(y (t)-¥ (t)) @)

y(t) = C,. () ®)
where 4 is the estimate value of premise variaileandL; 's

are the observer gains. Using the state estimiedpllowing
control law is used:

u=sa(u) )
where:
[j:l-'-lu _gu +O 10
5 5 (10)
Define the new auxiliary signat (t) as follows:
vO=-"fuH) (12)
Thus:
1+¢
U:TU +V(t) (12)

In this paper, we use the following structure tastouct the
control signal:

u(t) = -Z,x(t) (13)

wherez; 's are the controller gains to be designed. Ndtie¢
the saturation condition is defined by:

Umin if U<Umin
sat(u)=y u if Umin<U<Umax (14)
Umax if u>u max

where Ujin, is the control input limit.



C. Closed loop system

The estimation error can be definedeas x (t) - X (t).
Then, the error dynamics of observer is obtained as

&(t)=x (t)-X (t) (15)
Or equivalently:
e=A X (t)+B,,0-X (t) (16)
By using(9) and substituting7) in (16), we have:
L Ire .
€= Ay~ BopZy ~LiCop)X 17)
+ (Ay - Lﬂczﬂ)e + Bzﬂv
Thus, the closed-loop system becomes:
. By
At)=A, At) B,, ) (18)
where:
a(t)= X(t)
“le(t) (29)
and:
1+¢
AZI_7BZZIZZI+LZIC2;IZI L;AICZII
Aa = (20)
’ e C c
Auir™ 3 Boui® i iCouin AubiCou

D. Useful lemmas

The following lemmas have been used in the proathef
main result of this paper:

Lemma1[14]: For saturation constraint defined by (14), aglon

U,
aslu(t )\SLZm , we have:
- l+e 1-¢
u()-u()] < Sl (21)
and hence:
)
{Ha)—“{u (t)} {Ja)—“—;u (t)} < EH o (22)

whereD<e<1.

Lemma 2 [7]: For any matrices or vectoX and Y with
appropriate dimensions, we have:

T T T -1 T
XY+Y XX X+ Y'Y
where 7 >0 is any scalar.

(23)

Ill. MAIN RESULTS

In this section, we offer a novel method for obsefvased
controller design of T-S fuzzy system with inputusation
based on a common quadratic Lyapunov function. désign
conditions will be formulated as LMIs. Moreover, wsill
compute an approximation of the region of attractiased on
the proposed approach.

Theorem 1. Given positive scalar design parameters

and J,, the observer-based closed-loop system (18) is

asymptotically stable if there exist symmetric tigsidefinite
matricesQ, , Q, and matricesl,sgk ,Slk ,sg My, sik andséjk
(i,j,k =1,...r ) such that following LMI condition holds:

i
M <0 (24)
Q, M (25)
Ulim yo oy (20K =1
M, (M) o
where forc,; =c,:
i —_
My =
. M, +'B, B) 15, BT, +D) ap) m]
A]QlTZJk( 2j 2 (212] 3 ps k
Cmes o (26)
H AJQ_7BZUMK+Z_BZBZJ AQD;+{ BBy -JD;3
0 QT Dij g e ka 0
2
M 0 0 -EA
K 5_(1_5)2
andforc, #c,,:
i
n]k =
Aj Ql—li;r:xzj M+ By BZJ» By E{'z'j ey Jpé 59% ' (27)
Aile-li;Eiziij+Z'leB£j AQzD+ BB, -op)  -op)
H Q emof  aolk o 0
-0l ) 0 o -gol 0
My 0 0 0 —(‘Hé)zl
with:
Pee e @)
S3* S3
ijk S, 0
oo o) )
j .
b, =[s! o] (30)

The stabilizing control feedback and the obsenangyin(7)
and(13) are given by:

Z, =M Q (31)
where:
z, 2[-z o (32)
and:
L, = sejsl_l. (33)
On the other hant} 's (i =1....r ) satisfying
C,Ti=[l 0] (34

Proof: Consider the common Lyapunov function candidate a

follows:

V()= (t)Pa) (35)



P 0

1 >|
o ijnh P>0 andP,>0 .

whereP = {

The derivative of the Lyapunov function is as fallo

V (0()=6" (1)PO(t)+E" (t)PE(t) (36)
According to (18) we have :
V(o) =
.
6" (1) (A"P+PA,) 61 + V' (t){gﬂ oy (37)
21
+8 (t)P{Eiﬂv(t)
Now by using lemmas 1 and 2, it results as:
B, |[Bon ||
. T T -1 T 2/ 2f1

T - 2_ T .
X ({(7) Z, Zy)XR
By the way, according to (32) and Pre- and postipiying

(38) by Q 2 P gives:

)
V <8 @0)(Qay +A,Q + Z_l{BZﬂMBM}

Boyu || Boy

(39)
- 2 __ T
+{(5)7QZ, Z,Q)6(t)
So for Lyapunov stability the following inequalityiust be

hold:

.
(QA; +AQ + (71{222}{222} + [(]'_TE)ZQZ[IT sz) <0 (40)
To drive LMI conditions, (40) holds if:
AQ+QAy +¢BBT  QZ{
i T a o, |<o0 (41)
ZkQ _Z (E) |

To do that, let matrix) be partitioned a@ =diag (Q; Q,) , then

Q,>0, Q,>0 therefor the inequality (41) can be rewritten as:

MSBMEACEE, e, &
H AR B ML B ARLENBE, O |r<C

1,20
{(1—5”

(42)
2Q 0

For the sake of brevity, using the same procediwengn
[17], it is not hard to show that (24) holds if 42 satisfied.

Uy
On the other hand, the constraﬁlrﬁt)\sl'izm can be written as

<y (@)

2 h (D2 ()

We know that if |z,x(| < ™ then (43) holds

Uy
Let Q(k) = {i(t)beT )z, Z,% )‘S("fzm)z} then the equivalent

condition for an ellipsoid(P, o) = {9T (t)Pa(t )sp} being a
subset of2(k), je. Q(P, p) O Q(K)is:
. P o1 uj
Z,(5) ‘7, < (%)2 (44)
Now by using the Schur complement, LMI conditiom 44)
results in:

P zZ'
. 20 45
7, (imypy | )
Pre-and post-multiplyin¢45) by{";l ﬂ gives:
[ P—l P_leT
) 20 46
zept Cimygy | 0
L &
By @ =P ", (46) is equivalent to:
Q
. >0
zQ (mypy il

It is easy to show that if (25) holds then (47)dsotoo. This
completes the proaf.

Remark 1. It should be noted that an estimate of the region
of attraction of the closed-loop system in whick tbserver-
based controller proposed in Theorem 1 is utilizealh be
calculated bya(P, p) = {6 (1)Po)<d where P = Q " is derived
by solving the LMIs.

Remark 2. A possible solutiorm; associated with the output
matrix C,; in (36) can be given by:

(48)
wherec is the orthogonal basis for the null spaceCaf
with C,,c5=0.

T, =[chcch)?t 5]



Remark 3. For the case that output matrices in (4) satisfy
C,; =C,, (i=1,...r ), in order to relax the proposed LMIs given

in Theorem 1, one can solve the following altenr@tiMls:

ny<o, j=1,...r, (49)

2 ng<o, k=1, j#k,

r-1 (50)

where nijk is defined in (27) and, is defined as:

p,=|> °
1_8283.

IV. SIMULATION EXAMPLE

Consider a 2-rule T-S fuzzy model with the follogin
matrices [20]:

Al{_ll _OJ, AZ:LZZZ _OJ, leszzzu,
CaCA10 4

In order to design observer-based controller fag TAS fuzzy
system, we solve the LMIs of Theorem 1 by setthng design

parameters 6,=107 £ =0.99, 009, «1lim=11.9, initial

conditionsx, =[1 2 -1 OJ,and according to (34ye have

1 2
T= .
-45 -10

The grades of membership functions are defined as:
hy((t)) = 05+ arctant, 1 |

h,(x(t) =1-h (x (t))

where x (t)=[x,(t) x,(t )]T . Then, the feasible solutions using

SeDuMi[21] are given by:
z, =[13.761 -8.711e0f, 2, =[13.108 2.334e-0

L - |11483  _[13.940
17 |-6.772|” 2 ~ | -0.908

The close-loop system states of the system and thei

observed values using an observer-based contmltér the
abovementioned matrices are given in Fig. 1 andethers
between states and their obtained observer vaheeshawn in
Fig. 2. Moreover, in Fig. 3, the control signallwéaturation and
without this constraint are shown. u (dash lineal) a (solid
lined) are represented for control signal withoomstraint and
saturated control signal, respectively.

Magnitude
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Figure 1.Closed-loop system states and their observed
values
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Figure 3. Control signal with saturation and control signal
without saturation constraint

According to Figs. 1-3, itis clear that the progdsontroller
obtained from solving the LMIs of Theorem 1 suctdbs
stabilizes the closed-loop system with the saimationstraint
on the control signal. In fact, although the colnsignal cannot
exceed the maximum value 11.9, the controller ktaisi the
closed-loop system. It should be noted that if ilendt consider



the saturation constraint, the control signal aimar value
30.231 would be obtained which is approximately times
more than the maximum permissible value for theuator
output.

V. CONCLUSIONS

In this paper, we proposed an observer based dentro
design for a class of nonlinear systems with iraitiration. The
nonlinear system was represented by a T-S fuzzyehiod pre-
defined region. Moreover, it was supposed that Eem
variables were not measurable to be used in thetste of the
observer-based controller. Then, by using the PE&l@rse, an
observer-based controller with merging input satoma
constraint into the design process was proposedhierT-S
fuzzy system. It was shown that the proposed obsdrased
controller stabilizes the saturated T-S fuzzy sysie a pre-
defined region of the system states. The conditifamsthe
existence of such a controller were converted satme LMIs.
Simulation results verified the efficiency of theoposed
controller.
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