Filter-and-Forward Relay Design for OFDM-based
Multiple Access Relay Channel

Fatemeh Bahadori, Bahareh Akhbari
Faculty of Electrical Engineering
K.N.Toosi University of Technology
Email: f.bahadori@ee.kntu.ac.ir, akhbari@eetd.kntu.ac.ir

Abstract— In this paper, we study the filter-and-forward (FF)
relaying strategy for a multiple access relay channel (MARC)
based on orthogonal frequency division multiplexing (OFDM)
transmission. To reduce OFDM  demodulation and
redemodulation complexity at the relay, the FF-relay directly
filters the incoming signal with a finite impulse response (FIR)
filter and forwards it to the destination. We intend to design the
relay filter subject to ensuring quality of service (QoS) at the
destination. We propose an optimization criterion that is the joint
sources power allocation and relay filter design, to maximize the
worst subcarrier channel signal-to-noise ratio (SNR) subject to
the sources and the relay transmit power constraints. We employ
an alternating optimization algorithm to find the relay filter and
the allocated power to sources, for our problem that is non-
convex. Simulation results show that the proposed FF approach
has a better performance for OFDM based MARC in frequency
selective channels in comparison to the amplify and forward (AF)
strategy. Also we investigate the effect of the relay filter length on
the system performance.

Keywords-component; filter and forward (FF); multiple access
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l. INTRODUCTION

Cooperative communication is an important technique that
can extend the coverage of wireless networks and also can
exploit cooperative spatial diversity of different users in the
network by means of providing several copies of a signal
which have independent channel gains [1]. To obtain
cooperative diversity, different relaying strategies have been
proposed. Amplify and forward (AF), where the relay
transmits an amplified version of its received signal including
noise to the destination, decode and forward (DF) where the
relay decodes its received signal, encodes a new one and
transmits it to the destination, compress and forward (CF) and
other strategies have been widely used in relay networks [2],
[3]. Among the relaying schemes, the AF strategy due to its
simplicity is suitable for cheap relay deployment and is more
popular. Recently, in the case of frequency selective channels
there have been some efforts to extend the AF relaying
strategy to another scheme called filter and forward (FF)
scheme [4]-[6], since AF is not efficient in suppressing the
significant amount of inter-symbol interference (ISI) [1]. FF
strategy is a linear filtering relaying scheme in which the

incoming signal to the relay is filtered with a finite impulse
response (FIR) filter [5].

On the other hand, multiple access relay channel (MARC) is
used to well model a cooperation in multi-user networks,
where multiple sources (generally considers two sources)
communicate to a destination with the help of a relay node [7].
Since there are different relaying strategies, different scenarios
of MARC such as using AF, DF and network coding schemes
have been studied [8] - [10].

In this paper, we consider using FF relaying strategy in the
MARC with frequency selective channels. In frequency
selective channels another scheme that is used to compensate
the effects of frequency selectivity of the channel is
orthogonal  frequency division multiplexing (OFDM)
transmission [11]. OFDM is a type of multi-carrier modulation
in which the subcarriers of the corresponding subchannels are
mutually orthogonal [11]. So by using OFDM transmission in
frequency selective channels, the signals encounter flat fading
subchannels. Thus, in this paper we investigate OFDM
transmission for MARC system model (with two sources). Our
considered model can be regarded as the generalization of the
investigated model in [5] that is a three-node relay channel.
We use direct FF relaying for OFDM transmission that the
received signal at the relay passes through a FIR filter at the
chip rate of OFDM modulation and is then directly forwarded
to the destination. Therefore there is not any need for OFDM
demodulation/remodulation at the relay.

In this paper, we consider a criterion to design the FF relay for
OFDM systems. We formulate the problem of joint relay filter
design and sources power allocation for the worst subcarrier
signal-to-noise ratio (SNR) maximization. The constraints are
on the sources and the relay transmit powers. The resulted
optimization problem is non-convex that we solve it with an
efficient iterative algorithm which includes two sub-problems.
The first problem is designing the relay filter to maximize the
worst subcarrier SNR for a given allocated power, and the
second is the power allocation optimization at the sources to
maximize the worst subcarrier SNR for a given relay filter.
Providing simulation results we investigate the effect of the
relay filter length on the performance of the system. Also we
show that the FF approach has a better performance for
OFDM based MARC in frequency selective channels in
comparison with AF scheme.



Notations: In this paper, vectors and matrices are written in
bold letters and capital letters denote matrices. All vectors are

vertical. Superscripts (.)' , (.)” and ()" denote transpose,
conjugate and Hermitian transpose, respectively. Vec()

signifies the matrix vectorization operator and @ denotes the
Kronecker operator. Tr (.)and rank (.) stand for the trace and

the rank of matrix, respectively. The symbol E () represents

the expectation operation. X ~CN (g, X) means that X is

complex circularly symmetric Gaussian distributed with mean
vector 4 and covariance matrix X . I, and O ,, imply the
N xN identity matrix and the N xM zero matrix,
respectively. The notation Toeplitz (f',N) indicates a
N x(N +L, —1) Toeplitz matrix with N rows and

[£7,0,...,0] as its first row vector, where f' is a row vector of
size L, . Moreover, diag[d,,---,d, ,] denotes a diagonal

matrix with diagonal elements d,,---,d ;.

The rest of the paper is organized as follows. Section Il
defines the system model. The FF relay design problem is
formulated in Section Il and the proposed algorithm for
solving this problem is also described in Section Ill. Finally,
simulation results and conclusion are provided in Sections VI
and V, respectively.

Il.  SYSTEM MODEL

We consider a full duplex MARC, with two source nodes as
A and B, the relay node R and the destination node D . All
channels are frequency selective and we assume that the
channel state information (CSI) of the sources to relay (SR)
channels are known to the relay, and the relay also knows the
relay to destination (RD) channel distribution. The sources and
the destination employ OFDM modulation and demodulation
respectively with N subcarriers. The OFDM symbol vector of

size. N at each source i for ie{A B} is given by
s, 2[s, (N =1),s, (N —2),..,s, (O , where each data symbol
is assumed to be as s;[k]~CN (0,P, ,) for k =0,1,...,N —1.

Then the N —point normalized inverse discrete Fourier
transform (IDFT) yields the time domain signal vector at each
sourcei for i e{A, B} thatare given by

N -1
A j(27nk IN) _ _
x,[nN1=1/4N kzzosi [n]e n=01..,N -1 (1)

where 1/+/N is a scale factor. An alternative method that
avoids ISl is to attach a cyclic prefix here with length L to

each block of N signal samples as
B { x.[n], n=01---.N -1
X [n]=
X;[N +n], n=-1-2,---,—L, (2
Then X, [n] is transmitted from the source i to the relay, and
the received signal at the relay is given by

Figure 1. The multiple access relay channel with OFDM transmission.

La-1 Lg -1

y[nl= Y f, Xun=11+ Y f, XoIn=11+n,[n] (3
1=0 1=0

where n [n]is the additive white Gaussian noise at the relay

withn [n]~CN (0,67), f; =[f,; o,---.F; | LT s the vector

of channel impulse response between the source i
(ie{AB}) and the relay. According to the FF strategy to

compensate the effect of the frequency selectivity of
communication channels, the received signal at the relay node
is passed through a FIR filter and then is transmitted to the
destination. Thus, the transmitted signal by the relay at time n
is

x[nl= 3y [n-1] @

where 1 =[r,,---, . _1]T are the taps of FIR filter with length

L, . Finally, the transmitted signal by the relay passes through
RD channel with order of L, and channel tap coefficient

vector g =[g,, --,g, ,I . So, the received signal at the
g
destination can be written as

L,-1
yd[n]:IZ.:glxt[n—l]+nd[n] )
where n, (r;) is an additive Gaussian noise with variance o;

at the destinationand ¢,, | =0,1,..., L, —1,are independent
and identically distributed (i.i.d.) random variable according to
g, I—IfCN (0,0':) . So, each tap is independently Rayleigh

faded and instead of the realization of each tap, its distribution
is just known to the relay. We can rewrite (4) and (5) in the
form of matrix as

X, = RF, X, + RF;X; +Rn,
y, =GRF, X, + GRF;X; +GRn, +n, ©)
by defining the following vectors and matrices for i e{A, B}:
Yo =[YaIN =1,y [0I]

.
Xt :[Xt[N _1]:""Xt[0]axt[_1],"'7Xt[_|—g +1]]

% =[x IN =1+, [0+, [-L, ~L, ~L; +3]]



n, =[n,[N ~1,--,n,[0],--,n, [-L, -L, +2]]
F. =Toeplitz (f;" ,N +L, +L, —2)

G =Toeplitz (g" ,N ),

R =Toeplitz (' ,N +L, 1)

We assume that L, +L, +L; —3<Lg, for transmission

without interference. Thus the discrete Fourier transform
(DFT) of the received vector of size N at the destination is

given by

¥, = W GRF, %, + W{'GRF, X, + W{'GRn,_ +W'n,
=W 'H_ W,s, + W HoW,s, + W, GRn,_+W{'n,
=D,s, +DgSs + W, GRn, +W'n, U]
where W [ is the normalized DFT matrix of size N , H, for
ie{A B} is a N xN circulant matrix that is generated from
the Toeplitz filtering matrices GRF, , and:

D, =diag[d; g,..d; 1 |[=W ' H W, @
To do relay filter optimization in Section 1l we must first
drive the expression of the received signal in terms of relay tap

coefficients. We need to know only the first row hT of H

to compute D; . Since H is generated from the Toeplltz

so only §'"RF, (the first row of

T .
,0] (N +Ly 1) 1
the first row of G . Then we haveh}, = §" RF.T, where

T :[I N ;O(Lg+Lr+Li “3)xN J
Now the diagonal elements of D, can be obtained as

filtering matrix GRF, ,
GRF, ) is sufficient, where §' =[g',0,---

|:di,0""’di,N—l:|T =W (" RFT,)’ 9)

where WWNH is the DFT matrix of size N . Finally, the k th
subcarrier of the received signal at the destination is given by

Yolk]=Yas[k]+ Y4 n K]

with signal component as
Yas [k]éycj,sA [k1+¥qs, K]

Vos, [KIAVN W TTRTR s, [k1, i e{A,B}

where Yy, ¢ is the signal component with respect to source i

(10)

(11)

and w!' isthe k +1th rowof W . The noise component is
Yon [KI=W/GRn, +w;'n,
where k =0,1,...,N —1.

(12)

I1l.  MAXIMZATION OF THE WORST SUBCARRIER SNR

We consider the FF relay design problem for the MARC
described in Section 1l. We consider the problem of

maximizing the worst subcarrier SNR at the destination
subject to sources and relay power constraints. The problem of
optimizing the relay filter and the sources power allocation to
maximize the worst subcarrier SNR is formulated as follows:

max min  SNR/,SNR{
o b {0,1,+-N -1}
sp,00 "1 Tsp N -1
Psg 00 Psg N -1-
st. Z A K + P g K ) s max
k=
P. <P,
(13)
where P, is the maximum available total transmit power

of sources and P, ., is the maximum available relay transmit

power. To achieve the SNR of the k th subcarrier channel,
first we express the received signal power at the destination in
terms of the relay filter r:

2

el

E{Vos I} =E{y Vs T}

First we compute the received signal power at the destination
corresponding to source A as

K A A 2
% =E{deSA[k]‘}

=N E{W/ TIFR gls, K] §"R'FTw, |

=NW'TIFR'E {|s [k]|2~~”}R*F*T*w

=NP, , 0" Tr(w TFER 1LRFTw, )

*

=NP, ,o2Tr| FTaw, Wi T,”F,” RL R},

*KA,k

=NP, , 0} [vec(R )} K, vec(R,)
=NP,, , o7 [vec (R )} K, vec(R")
=NP, ,o’r"EK, E"T.
where P, .  is the transmit power of source A, and
Lo é[ltg OLgx(N 1) O(N—l)ng O(N “D)x(N _1)]
a =l ®K, K, =T ®K,
Z[RLQ; RN,J,vec(RT):EHr

(15)

—

m 0 X

= [I L ’OL,x(N +Lg=2)? OL,xl’ IL, 'OL,x(N +Ly-3)

‘aOL,x(N +Lg-2)! IL,]
Using similar techniques as above, we can derive the received

signal power with respect to source B. We also can derive the
received noise power as



P :E{

Jan kT

=oltr| R" E {G"w,w}G}R |+0}
| S —
éMk
= o?[vec(R)]" M,vec(R) + o7
=a’r"QM, Q"r+ o7 (16)
where
'\N/Ik = IN+L9+Lr—2 ®M, vec(R)=Q"r

_qI q.; qL 1 OT OT

0’ qI qu qTN +Lg-1 o - 0’

: : . . . .o o'
OT OT qI qz qL -y

- _
and q; isthe ] throw of IN+Lg_1.

Based on (15) an (16), the SNR of the K th subcarrier channel
corresponding to sources A and B are expressed as

2 Hrw H

NP, (o " EK,  E"T

afrHQ|\~/|kQH I‘+c7d2
NP,  oZr"EK, E"r

a’r"QM, Q" r+¢? (17)
Based on (6), we can obtain the relay transmit power as

SNR) =

SNR/ =

E{Tr (x,x" )} =Tr(RF, E{X, X, }F\'R") +
O
Tr(RF, B{X X5 }FS' R")+Tr(c’RR"™)
\e"sd
D3

=Tr(R(FAZ)_(A Fo +F > Fe +o/DR™)

211
=[vec(R")]" ITvec(R") =r"EMNE"r =r"EIMTE"r, (18)
where TT= |N+Lg_1®l_[.

Now, based on (17) and (18), the optimization problem (13) is
non-convex. So in order to avoid high computational
complexity for solving a non-convex problem, we use a
suboptimal alternating optimization algorithm [5]. This
technique splits the main problem in two sub-problems. That
is, first, it is assumed that the allocated power of sources is
initialized and the problem (19) is considered to optimize the
relay filter for a fixed power allocation at the sources. Then,
using the relay filter obtained by solving problem (19), the
sources power allocation is optimized. These two problems are

TABLE I. DESCRIPTION OF ALGORITHM 1.

Algorithm 1: Choose some suitable interval subject to

Topt € (7.7,)

Step 1: Set 7= (7 +7,)/2.

Step 2: Solve problem (22). If it is feasible, then set 7; =7,
otherwise, 7, =7.

Step 3: Repeat the process until the criterion 7, —7; <¢ is
satisfied.

solved in an alternating algorithm until the convergence is
established. Let the first problem for K =0,1,---,N —1can
be written as follows

max  min  SNR,,SNR{
r k {0,L+-N 1}

st. P <P ..
‘ (19)

By introducing the slack variable z , the given max-min
problem can be rewritten as

max
r

st. SNRy >7,SNR{ >¢
Pr Spr,max

(20)
The above optimization problem is non convex and we
convert it to a convex problem by a semi-definite relaxation
(SDR) [12]. It is relaxed by dropping the rank-one constraint,
which leads to the convex semi-definite programming problem

(SDP) [12], as (21). By defining Q= rr™ and
® =EITE"

Yy (k):O'rZQI\?IkQH

¥,s(k)=NP,_, 0’EK, E"

Y, (k)= NPSB’ko-jEKB’k E"

we have

maXx 7

Q

st. tr([W.s(k)-2¥, (K)]Q) = 0ir
tr([¥ss (k)—2¥, (K)IQ) =07
tr (®Q) < P: max
Q>0

(21)
Due to variation of 7, the relaxed optimization problem is
quasi-convex [12] and can be obtained by solving its
corresponding feasibility problem as



Find Q
st. tr([Was(k)-2¥, (K)Q) =07
tr([Wes (k)—2¥, (K)IQ)>0oi7
tr(PQ) <P, .
Q>0 (22)

For the optimal value of problem (21) (that we call itz ),

problem (22) is feasible for r <z, and infeasible for

pt
7> 7oy - Thus, we solve it by a bisection search method [12]

with the procedure described in Algorithm 1.

In Algorithm 1, & is the allowed error tolerance. After
applying bisection method, if the rank of matrix Q that is
obtained by solving the relaxed optimization problem (22) is
not one, we apply randomization techniques for generating the
rank-one solution [13].

In the second step of the alternating algorithm, we need to

optimize the allocated sources powers PSA . and PSB o+ for

the given relay filter vector r, which is obtained from the
previous step. Thus, this sub-problem can be written as

max min  SNR,SNR/
Pspor Py N1 ke{01- N -1}
PsB VO""'PSB,N N
N -1
st. > (P +Po ) <P
k =0
PY < IDr.max

SNRX >7,,SNRj 27, VK (23
Now, we first rewrite the relay power constraint in (18) as a
linear form of P, & » (i e{A,B})as follows:

N -1
r"EITE"r = Z PsA,kTr(qk+1qk+1T WI:I-‘ F: R" RF, W, )+
k=0

N-1
2P i Tr (@8 Wy R RTRF W, ) +Tr (07RR"™) (24)
k=0

where

-
Wy =|:WN W gy Wo, Wy gy ey Wy —Lg—Lr-Ls +3]

and W, _, denotes the K th row of the normalized IDFT

matrix. Considering the relay power constraint as a linear form
of Py i (thatis denoted in (24)), the optimization problem in

(23) can be written as a linear programming (LP) problem [12]
formulated as (25) by defining the following terms:

Ci (k) =Tr (G0 Wi F'RYRREW, ) ,i <{A,B}
C,=Tr(c/RR")

N o2r"EK, (E"r

O'rer Q|\~/|kQH r+0'd2

C/(k)=

TABLE II.

Algorithm 2:

Step 1: Initialize P\ and Py for k =0,1,..,N —1.
Step 2: Solve problem (19) with Algorithm 1.

Step 3: Set the allowed minimum z, for the worst
subcarrier SNR in problem (23) as the maximum value
Topt Obtained from Step 2.

DESCRIPTION OF ALGORITHM 2.

Step 4: For the given r and z,, from Steps 2 and 3,

pt
solve problem (25) to obtain new P , and P .
Step 5: Go to Step 2. Here, set 7; of problem (19) as

the solution to problem (25) in Step 4.
Step 6: Repeat Steps 2 to 5 until the termination

criterion |7y — 7| < & is satisfied.

maXx T
PSA ,0"“YPSA N -1

PSB 0 ""'PSB N -1
T

N -1
st. D P ,C,(k)+P, ,Cy(k)+C,<P, ..
k=0

P, «Calk)27
P, «Co(k)=7

N -1

z (PSA .k + PsB k ) < Ps,max

k=0

T27,

(25)
This LP problem can be solved by a standard convex
optimization solver, like CVX [12]. Now we combine
problems (19) and (23) in Algorithm 2 for the joint sources
power allocation and relay filter design to maximize the worst
subcarrier SNR.

IV. SIMULATION RESULTS

We have assumed a MARC with OFDM transmitters which
the number of OFDM subcarriers are N =32. A relay uses
FF strategy and the quasi-static frequency selective sources-to-
relay and relay-to-destination channels are with the
lengths L, =Lg =Ly =3. Each plotted value in each figure is
obtained by taking the average over the 500 channel
realizations. The channel impulse response coefficients are

modeled as zero-mean complex Gaussian random variables
with an exponential power delay profile [4] that is:

1 X -1 .
p(t) =—>Ye " s(t-IT,)

o, ; : (26)
where X e{N,N.}, T, is the symbol

o, =2T, represents the delay spread. The noise variances at

duration and

the relay and the destination are 1 dB.
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Figure 2. The worst subcarrier SNR versus maximum allowed relay transmit
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Figure 3. The worst subcarrier SNR versus maximum allowed relay transmit
power,based on Algorithm1 (PSA’ =Py i =Ps mex /N P = 20dB),

and Algorithm 2.

We evaluate the performance of FF relay design to maximize
the worst subcarrier SNR subject to some constraints on
transmit powers of nodes, provided in problem (13). First, we
consider the relay filter design only for a given equal sources
power allocation, i.e. P =P =P /N, based on

Algorithm 1 that the results are shown in Fig 2. It can be seen
that the obtained gain in terms of achievable SNR by using the
FF relay is significantly more than that obtained by using the
AF relay. Note that fore the length (L, =1) the FF relay is

equivalent to the AF relay. The performance is also improved
by increasing the number of the relay filter taps.

We next (as shown in Fig. 3) evaluate the performance of the
joint FF relay filter design and sources power allocation based
on Algorithm 2 and compare the results with that obtained in
the previous case. It can be seen that the joint optimization
significantly outperforms the case that only design the relay
filter. The sufficient length of FF filter to compensate the
effects of frequency selective channels completely, is
L, 2L, +Lg +Lg —1 which with exponential power delay

profile the ISl term can be cancelled even with
L, 2L, +Lg +Ly —1 [4]. According to Fig. 2, in our relay

filter design, the filter length L, = 4is sufficient.

V. CONCLUSION

In this paper, we have studied a multiple access relay
channel system based on OFDM transmission and with
frequency selective channels. The relay uses FF strategy to
reduce the complexity of OFDM processes at the relay. With
the aim of obtaining the FF relay filter and sources power
allocation, we have investigated an optimization criterion
which is maximizing the worst subcarrier SNR with transmit
power constraints at sources and the relay. An alternating
algorithm has been proposed to achieve the optimal solution,
which includes two sub-problems. We have shown that joint
optimization has much more gain. Simulation results have
shown that the FF strategy outperforms AF relay significantly
and is more practical than AF scheme for OFDM
transmission.
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