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Abstract— This paper investigate three dimensional dynamic 

model of underactuated spherical wheel mobile robot (Ballbot) in 

the presence of input coupling and friction. The way of how such 

a robot moves is considered and an approach is proposed for 

accurate trajectory generation for linear and circular paths. Due 

to the high reliability of the approach, it simulated open-loop and 

no position feedback is required. A collocated partial feedback 

linearization is introduced for Ballbot that ensures body angles 

trajectory tracking. The open-loop trajectory generation with 

collocated partial feedback linearization is simulated which shows 

a very low position error. 

Keywords—Underactuation; spherical wheel; trajectory 

generation; inverse dynamics control 

I.  INTRODUCTION 

Underactuated systems are mechanical control systems with 

more degrees of freedom than control inputs [1]. There are 

different underactuated systems in aerospace, marine and 

robotics which open broad area of researches. Walking robot, 

flexible-link robot and balancing robots like Segway and 

Ballbot [2] are included in Underactuated robotics. Lack of 

control inputs for these robot makes the trajectory generation 

and control a challenging task. 

Ballbot is a robot dynamically balancing on a ball and 

moves to wherever direction by actuating the ball. The 

dynamically stable robots unlike statically stable robots, can: (i) 

be tall and skinny with high centers of gravity, (ii) have smaller 

footprints, and (iii) accelerate or decelerate quickly [3]. The 

Ballbot first is introduced by Roph Holis and consisted of two 

orthogonal actuated rollers attached to the body and provided 

torque to the ball [3]. The two orthogonal motors couldn't 

provide yaw motion. This defect lids to representing a new 

actuating mechanism utilized three motors along with 

omnidirectional wheels which could have yaw motion [4]. 

Adding ball roller grippers to the three motors mechanism and 

proposing a Three Dimensional (3D) model of the robot,  

improved the mobility and control of the Ballbot [5]. Other 

attempts implemented timing belt gearbox to reduce actuating 

backlash [6] and calibrated measurement devices were used to 

improve set point stability [7]. 

A Balancing Underactuated mobile robot like the Ballbot 

has constraint on its system dynamic which causes difficulties 

in planning and control. These constraints are second-order, 

non-holonomic constraints that inherently restrict trajectories 

which the Ballbot can follow. In addition, there is strong 

coupling between its configuration variables; such that you 

can't move the Ballbot ball, without changing its body angles. 

Previous work has shown that, However, constraints and 

coupling effects make control strategies complicated, they are 

used to generate ball trajectories which could be followed by 

appropriate body angles [8]. More recent work has focused on 

computationally efficient methods for generating feasible 

trajectories based on constraints linearization and the concept 

of flat outputs [9] [10]. 

 Dynamic constraints reveal the relation between shape 

space (the body) and the position space (the ball). As much as 

the relation accuracy, the trajectory is generated by means of it, 

would be more precise. Such approaches [8] [9] [10], have 

failed to address accurate system constraints because of: they 

(i) used simple Two Dimensional (2D) Ballbot model which its 

inaccuracy has proved [5], (ii) has linearized constraints which 

hide effective aspects of the constraints, (iii) has neglected 

friction in trajectory generation which causes accumulative 

position error. Hence, due to the trajectory inaccuracy the robot 

wouldn't get to the desired position by following the trajectory. 

To overcome this error, position compensation loop should be 

added aggressively [3]. 

Control of the Ballbot toward the generated trajectory is 

another concern due to its natural instability and 

underactuation. In [2] [3] a PID and LQR controllers are used 

based on the 2D decoupled model which is not covering 

coupling effects [5]. Moreover, linear control couldn’t handle 

such nonlinear systems farther away from the upright set point. 

In [11] a path-following controller is proposed, eliminating the 

need for following time-parameterized state trajectory. But it's 

not well-developed and the result of following circle path shows 
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significant steady-state errors. Hence there is a need for an 

accurate nonlinear controller.  

In this paper the latest actuating mechanism for Ballbot is 

used which consists of three motors instead of two orthogonal 

motors. According to this mechanism, the authors improved the 

3D model proposed in [5] by considering friction, hence a more 

accurate dynamic constraint has been attained. The constraint is 

investigated deeply and a novel online open-loop trajectory 

planning algorithm is introduced. An inverse dynamic 

controller in the presence of inputs coupling is introduced to 

follow the novel trajectory. The open loop trajectory following 

is simulated in Matlab, to prove the trajectory planning and the 

controller proposed. 

The paper is organized as follows: Section II discusses the 

improved 3D Ballbot model and analyzing dynamic constraints 

and its effects on Ballbot movement. Section III describes the 

trajectory planning procedure. Section V presents the inverse 

dynamic controller, while section VI shows simulation results. 

Finally, section VII presents the conclusion and future works.   

 

II. BALLBOT 3D MODEL WITH FRICTION 

A. 2D Ballbot model  

The first models of the Ballbot relied on 2D decoupled 

dynamic system. It modeled the Ballbot as a rigid cylinder on 

top of a sphere. Fig. 1. Three assumptions were made in that 

model: (i) no slip between the ball and the floor, and also 

between the wheels and the ball. (ii) The motions in three planes 

are decoupled (XY, YZ and XZ plane). (iii) The equations of 

motion in the sagittal and frontal planes are identical [12]. But 

the representation of such a nonlinear coupled system as a 

planar model implies multiple drawbacks [5]. It neglected the 

coupling effects between each plane which the maneuvers 

shows it up. In addition, many conversions are required to map 

the model to the real Ballbot, hence there are an urgent need to 

a 3D coupled model without any artificial conversions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

B. 3D  Ballbot model with friction  

The configuration space of each dynamic system can be 

divided into position space and shape space. The position space 

in the Ballbot are ball angles 𝑞𝑥 =  [ 𝜑𝑥   𝜑𝑦] 𝑇  and the shape 

space are body angles 𝑞𝑠 =  [𝜗𝑥 𝜗𝑦 𝜗𝑧] 𝑇. The ball angles 𝜑 are  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the angles between the ball and the L coordinate, located at the 

center of the ball, while the body angle 𝜗 are the angles between 

the body and the word coordinate Fig. 2. The proposed 3D 

model has 5 rigid bodies as shown in the Fig. 2. No slip is the 

only assumption in this model.  

 

Euler-Lagrange equations are used to derive the dynamic 

equations of motion. Derivation of these equations for the 3D 

Ballbot model can be found in [5]. In this paper the model is 

improved by adding friction terms. Finally the equations of 

motion can be written in matrix form as follows: 

 

𝑀(𝑞𝑠)�̈� + 𝐶(𝑞𝑠, �̇�𝑠)�̇� + 𝐺(𝑞𝑠) + 𝐷(�̇�𝑥) = Γ(𝑞𝑠)τ          (1) 

Where 𝑞 =  [𝜗𝑥 𝜗𝑦 𝜗𝑧  𝜑𝑥   𝜑𝑦] 𝑇  is the generalized coordinate 

vector, 𝑀(𝑞𝑠) ∈ ℝ5×5  is the mass/inertia matrix, 𝐶(𝑞𝑠, �̇�𝑠) ∈
ℝ5×5 is the vector of Coriolis and centrifugal forces, 𝐺(𝑞𝑠) ∈
ℝ5×1 is the vector of gravitational forces, 𝐷(�̇�𝑥) ∈ ℝ5×1 is the 

friction matrix, Γ ∈ ℝ5×3 is the coupling matrix and 𝜏 ∈ ℝ3×1 is 
the input torque matrix. As can be seen the system is 
underactuated with input coupling.  

The friction matrix added viscous damping friction term to 
the model. The friction is considered only between the ball and 
the ground which is more significant than friction between the 
ball and the wheels. 

𝐷(�̇�𝑥) =  [
03×1

[𝐷𝑠 (�̇�)]2×1 
]                             (2) 

C. Coupled dynamic constrainst 

Because of the coupling matrix Γ , dynamic constraints 

aren't shown seperately and none of the right sides of the 

dynamic equations equals to zero explicitly. Hence there is no 

way to follow the approach given in [3]. The approach in [3] 

used the dynamic constraints to show the relation between ball 

acceleration and body angles. It proved that if the body preserve 

a nonzero angle, the ball should have continuous acceleration. 

But neither dynamic system could have constant acceleration 

forever and acceleration would converge to zero in a time. So 

the question is when does it become zero and consequently 

what is the Ballbot velocity in that time? To answer this 

Fig. 1. plannar Ballbot model 

Fig. 2. 3D Ballbot Model 



question the dynamic equation is studied in the following. 

According to Eq.1 the accelerations would be: 

�̈� = 𝑀(𝑞𝑠)−1 [ 𝐶(𝑞𝑠, �̇�𝑠)�̇� + 𝐺(𝑞𝑠) + 𝐷(�̇�𝑥) − Γ(𝑞𝑠)τ]         (3) 

In the steady state (SS) time, �̈� → 0 due to the friction term 
and bounded input forces, hence it can be written: 

𝐶(𝑞𝑠, �̇�𝑠)�̇� + 𝐺(𝑞𝑠) = −𝐷(�̇�𝑥) + Γ(𝑞𝑠)τ  (4) 

The equation is the general constraint of the Ballbot and it is 
more accurate than the constraints attained by simple 2D 
models. This equation is investigated to catch significant 
information which lids us to trajectory generation. 

 Assuming the Ballbot is controlled and has catch 
specific angles in SS time. Then the �̇�𝑠  should be zero in SS 
time, furthermore, any changes in body angles would accelerate 
the ball [3] and on the other side, it mentioned that the ball 
acceleration is zero in SS time, so the �̇�𝑠 is zero and there would 
be no change in the 𝑞𝑠. Thereby, the Eq. 4 makes a system of 
equations consist of 8  unknowns: 

𝑞𝑠 ∈ ℝ3×1, �̇�𝑥 ∈ ℝ2×1 , 𝜏 ∈ ℝ3×1  

and 5 equations. So this system of equation is unsolvable. But 
he 𝜗𝑧 may be relaxed and assumed to zero, because the Ballbot 
is symmetric around z axis and being the Ballbot in any 𝜗𝑧 
angle, wouldn't affect its performance and activity. Hence, an 
unknown is relaxed and we can get three important information 
by solving the equ.4 in three ways: 

1) Determining desired �̇�𝑥  and assuming 𝜗𝑧 = 0 , causes 

the Eq. 4 to be solved for needed torque and configuration 

angles to get to the desired  �̇�𝑥. 

2) Determining desired 𝑞𝑠 , asumming 𝜗𝑧 = 0 and solving 

Eq. 4 would show maximum reachable ball velocity �̇�𝑠 by that 

angle with the torque needed. 

3) Determining three torques and solving Eq.4 would show 

maximum reachable ball velocity �̇�𝑠 by the torques and it would 

occured in the solved body angles 𝑞𝑠. 

 

These information could help Ballbot designer to change its 

parameter in order to reach to a desired performance. 

Furthermore, they would guide us to plan an accurate trajectory 

which is the next section subject. 

  

III. GENERATE ACCURATE TRAJECTORY 

Trajectory generation for motion from an initial 
configuration to a desired final configuration is an important 
task. If the trajectory is accurate and the controller could follow 
it, the result state errors degrades and there are less needs to 
compensate the errors. 

A. General movement approximation 

It is shown that, the Ballbot body should catch specific 
angles in order to get to a desired constant ball velocity, In 
addition, the physical understanding of the ballbot behavior 
indicates that leaning the body to any direction is done by ball  

 

 

 

 

 

 

 

 

actuating. To lean forward, first an abrupt negative acceleration 
is imposed on the ball by the wheels to get to the desired body 
angles.  Consequently, the wheels rotation direction changes to 
make the Ballbot keep the desired body angles which causes 
positive acceleration to the ball. This acceleration leads to the 
desired ball velocity �̇�𝑑. It constitutes the ball velocity trajectory 
like Fig. 3(a). This ball velocity is well approximated by an 
exponential term plus an offset term: 

�̇�𝑎𝑝𝑟(𝑡) = 𝑐1 + 𝑐2𝑒𝛼𝑡                             (5) 

It is analyzed that the equation should converge to �̇�𝑑 as 𝑡 → ∞ 
hence: 

�̇�𝑎𝑝𝑟(∞) = 𝑐1 = �̇�𝑑 

It would be a well approximation if we assume: 

�̇�𝑎𝑝𝑟(0) = 𝑐2 ≅ −2 �̇�𝑑 

Hence the equation of approximated ball velocity become: 

�̇�𝑎𝑝𝑟(t) = �̇�𝑑 − 2 �̇�𝑑𝑒𝛼𝑡                          (6) 

the 𝛼 is the exponential speed rate of reaching the ball to the 
desired velocity. It depends on ground friction parameters and 
ball composition materials.  

B. Linear path generation 

Any linear path in a two dimensional plane could be 
decomposed to its position primitives. In a XY ground plane, 
following both primitives 𝑥(𝑡) and 𝑦(𝑡), would lead us to the 
desired point in a certain time. Hence we have investigated two 
path primitives in X and Y axes according to reaching any linear 
path. By this definition we have proposed a symmetric trajectory 
generation approach for both axis.  

In order to reach to a desired position from the initial rest 
configuration with a constant velocity, the ball should be 
accelerated. Furthermore, it should be deaccelerated at a time to 
cause the zero ball velocity. The acceleration and deacceleration 
of the ball approximately constitute a point to point (P. to P.) 
velocity curve like Fig. 3(b). To calculate the final position, we 
can integral half of the curve by Eq. 6 and multiply it by two: 

𝜑(𝑡) = 2 ∫  �̇�𝑑 − 2 �̇�𝑑

𝑡
2

0

𝑒𝛼𝑡   

=  �̇�𝑑  (𝑡 +
2

𝛼
−  

2

𝛼
 𝑒

𝛼 𝑡

2  )                     (7) 

       (a) Constant ball velocity                    (b) P. to P. ball velocity 

Fig. 3. Ball velocity 
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𝑞𝑠(t) 

𝑞𝑥(t) 

𝑞𝑠𝑑(t) 
𝜏(𝑡) 

𝑞𝑠(t) 

The above equation is solved for the velocity is needed to pass a 
certain distance in a specific time 𝑡. This ball velocity is catch 
by corresponding body angles which derived from numerical 
solution of Eq. 4. Otherwise, the Eq. 6 is solved to find the 
specific time needed for passing a distance by a certain ball 
velocity. 

C. Generalized path generation 

Any linear paths became achievable by its velocity in 

accordance with each axis. It could be well extended to any 

nonlinear path. To do so, there is a need for having a decoupled 

curvature motion in XY axis which represents ball velocity in 

each axis. A circle path is an example of such a curvature. It is 

obvious that the ball velocities for following this curvature in 

XY planes are: 

 

�̇�𝑥(𝑡) = p 𝑐𝑜𝑠(𝜔 𝑡)                  0 < 𝑡 < 2𝜋 

�̇�𝑦(𝑡) = p sin(𝜔 𝑡)                  0 < 𝑡 < 2𝜋              (8) 

Where p is a constant coefficient which determines the desired 
radius of the path circle. The Eq. 8 is integraled to calculate the 
circle position primitives: 

𝜑𝑥(𝑡) = ∫ 𝑝 cos(𝜔 𝑡) 𝑑𝑡
𝑡

0

=
𝑝

𝜔
sin(𝜔 𝑡)   

𝜑𝑦(𝑡) = ∫ 𝑝 sin(𝜔 𝑡) 𝑑𝑡
𝑡

0

=
𝑝

𝜔
(1 − 𝑐𝑜𝑠(𝜔 𝑡))        (9) 

As the integral shows, it constitute a circle. But to following 
a circle, the body angles command should be given as: 

 𝜗𝑥(𝑡) = 𝛽 𝑐𝑜𝑠(𝜔 𝑡)                  0 < 𝑡 < 2𝜋 9 

 𝜗𝑦(𝑡) = 𝛽 𝑠𝑖𝑛(𝜔 𝑡)                   0 < 𝑡 < 2𝜋            (10)          

This is the same as Eq. 8 with the difference 𝛽 coefficient 
that should be solved by using Eq. 4. Although the non-constant 
ball velocity violates the �̈� = 0 (the assumption to derive Eq. 4), 
the simulation results shows acceptable results. 

 

IV. TRAJECTORY TRACKING CONTROL 

The entire trajectory planning procedure is presented in this 
paper is assumed there is a controller which can track the desired 
body angles. Any errors in body angles tracking would cause 
position tracking errors due to the Ballbot behavior. Hence it is 
vital to have a nonlinear controller as opposed to linear 
controllers proposed in [3][5] which can handle all the 
trajectories and robot nonlinearities. 

As the 3D model with added friction covers all the dynamic 
aspects of the Ballbot such as coupling effects and its high 
nonlinearity, it could be well used to design an inverse dynamic 
controller. But using a full state inverse dynamic is impossible 
due to the underactuation, so a collocated partial feedback 
linearization (CPFL) is used [13]. 

 

Writing equation of motion in a matrix form, yields: 

[
𝐻11 𝐻12

𝐻21 𝐻22
] [

�̈�𝑠

�̈�𝑥
] + [

𝜑𝑠

𝜑𝑥
] = [

𝛤(𝑞𝑠)

𝛤(𝑞𝑥)
]  𝜏                 (11) 

�̈�𝑥 =  −𝐻22
−1 [ 𝐻21 �̈�𝑠 𝜑𝑥 − Γ(𝑞𝑥) 𝜏]              (12) 

   

In order to linearize the actuated terms by CPFL, Eq. 12 is 

substituted for the �̈�𝑥 in the Eq. 11: 

(𝐻11 − 𝜇 𝐻21)�̈�𝑠− 𝜇 𝜑𝑥 + 𝜑𝑠 = (− 𝜇 Γ𝑥 + Γ𝑠) 𝜏       (13) 

Where 𝜇 =  𝐻12𝐻22
−1. The following control law is used to 

make a double integral equation: 

𝜏 = (−𝜇 Γ𝑠 + Γ𝑥)−1(𝐻11 − 𝜇 𝐻21)𝑎𝑞  

−(−𝜇 Γ𝑠 + Γ𝑥)−1(−𝜇 Γ𝑠 + Γ𝑥)                     (14) 

 

By the above control law, the body configurations is 

controlled and setting  𝑎𝑞 to a PD terms would result tracking. 

The 𝑎𝑞  is: 

 

𝑎𝑞 = �̈�
𝑠𝑑

− 𝐾𝑑 (�̇�
𝑠

− �̇�
𝑠𝑑

) −  𝐾𝑝 (𝑞
𝑠

− 𝑞
𝑠𝑑

)        (15) 

 

Where �̈�𝑠𝑑 , �̇�𝑠𝑑 , 𝑞𝑠𝑑  are desired body accelerations, velocites 

and angles, respectively. The closed loop systems would be: 

 

�̃̈�𝑠 + 𝐾𝑑  �̃̇�𝑠 + 𝐾𝑑  �̃�𝑠 = 0                        (16) 

 

Where �̃�𝑠 = (𝑞𝑠 − 𝑞𝑠𝑑). By setting the 𝐾𝑑, 𝐾𝑝 to any positive 

definite matrix, the tracking of the desired body angles would 

occur. The Fig. 4. shows trajectory generation and tracking 

controller diagram. As can be seen there is no position feedback 

it is controlled open loop. 
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V. SIMULATION RESULTS 

In this section, the proposed strategy is examined by linear 

point to point (P. to P.) motion and circle following scenarios. 

The simulation has used CPFL to control body angles and there 

is not any position feedbacks.  

A.  Linear path following 

The first test is following a desired line in a specific time. 

The Ballbot starts from the initial and catch a ball position of 

(𝜑𝑥𝑑 , 𝜑𝑦𝑑) = (1 , 5) (𝑚) in five seconds. By solving Eq. 7 to 

calculate the ball velocity primitives, the result would be 

(�̇�𝑥𝑑 , �̇�𝑦𝑑) = (0.235, 1.1773) (𝑟𝑎𝑑/sec) .Where the 𝛼 which  
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Fig. 4. Trajectory generation and tracking controller 



 

 

 

 

 

 

 

 

 

 

 

 

is related to friction term is considered to be 3, equal to the 

viscous coefficient in [9]. Having the calculated ball velocity, 

the nonlinear Eq. 4 is solved by fsolve function in MATLAB in 

order to find the desired body angles which causes the ball to 

get to the desired velocity. The solved angles are (𝜗𝑥𝑑  , 𝜗𝑦𝑑) =

(0.0156 , 0.0781) 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 . To avoid an abrupt set point 

change, we used an exponential body trajectory to get to the 𝜗𝑑: 

 

𝜗𝑑 = 𝜗𝑑 − e−t                     0 < 𝑡 < 5/2 

𝜗𝑑 = 𝜗𝑑 − e−(5−t)               5/2 < 𝑡 < 5            (17) 

 

The CPFL is used to follow 𝜗𝑥𝑑  and 𝜗𝑦𝑑 . The result of 

tracking the body trajectory for a point to point motion is shown 

in Fig. . The figure shows that the CPFL makes tracking. 

Desired body angles tracking would cause the ball to go to the 

desired planed position. Fig.  indicates the result of ball 

position.  

The final position are  (𝜑𝑥 , 𝜑𝑦) = (1.02 , 5.1) (𝑚) which 

shows 0.2 present tracking error. It should be mentioned that no 

position feedback is used and this position tracking accuracy is 

only gained from the body angles control. 

 

B. Generalized path following 

Here, the goal is to make Ballbot follow a circular path. 

Eq. 7 shows the ball velocity which generate a circle path. The 

𝑝  parameter should be calculated according to the circle 

parameters. The desired circle radius is one meter and the full  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

circle passed in 𝜋 seconds. So the 𝜔 = 𝑝 =
𝑝

𝜔
= 1(𝑟𝑎𝑑/𝑠𝑒𝑐).  

Nonlinear Eq. 4 is solved by �̇�𝑑 = 𝑝/𝜔 = 1(𝑟𝑎𝑑/𝑠𝑒𝑐) as the 

ball velocity, the result has derived 𝛽 = 0.0385(𝑟𝑎𝑑/𝑠𝑒𝑐)  as 

the body angle. 

It can be seen in Fig.  (a , b), the CPFL controller makes the 

body angles and angular velocity to track the 𝑠𝑖𝑛 function and 

it's velocity. Fig.  (c) shows the circle motion approximately 

tracked. The passed circle radius is 1.02 which shows 2% error. 

 

VI. CONCLUSIONS AND FUTURE WORKS 

In this paper, a novel accurate trajectory generation has been 

introduced for Ballbot robot. The approach stemmed from the 

dynamic constraint which is resulted from considering the 3D 

Ballbot model with added friction. The coupled dynamic 

constraints has been investigated deeply and three important 

information has been proposed. The constraint is shown the 

relation between the ball position and body angles and based on 

the accurate relation, a trajectory generation for linear and 

circular motion has been presented which decoupled the 

trajectory generation in each XY plane. 

In order to follow the produced trajectory, a collocated 

partial feedback linearization in the presence of input coupling 

is calculated for Ballbot. The combination of controller and 

trajectory generator has been simulated on the model for linear 

and circular paths and the results has been shown 2% tracking 

error. This is an outstanding result, especially when there is no 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                      (a) Ball position                                      (b) Ball velocity 

Fig. 5 
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Fig. 6 
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position feedback information. It shows the approach reliability 

against other approach which utilized feedback position to 

compensate their trajectory generation inaccuracy. 

The proposed approach was based on 𝛼 parameter which 

depends on floor friction. Attempt will be made to adaptively 

identify the parameter in different floors condition. 

Furthermore, the trajectory which is generated for circular path 

could be more generalized to any curvature paths.  
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